
Two-staged neural likelihood surrogate:
1. Apply a deep density method of the parametric

log-transformed Fokker–Planck equations
2. Learn the neural surrogate for the log-normalizer

Results in our two numerical examples. Arrows indicate
whether lower is better (↓) or higher is better (↑).

Ornstein–Uhlenbeck Bistable
LLE (↓) MAPE (↓) PLL (↑) Time LLE (↓) MAPE (↓) PLL (↑) Time

PF 103 5.001 0.219 -158.346 (4.1m) 0.017 0.042 -16.017 (1.7m)
PF 104 0.772 0.157 -157.347 (15m) 0.006 0.018 -16.006 (5.3m)
PF 105 0.146 0.099 -157.047 (1.2h) 0.005 0.010 -16.007 (39m)
PF 106 0.034 0.056 -156.983 (16h) - - - (-)
EKF - - - - 0.163 0.024 -16.043 (51s)
EnKF 103 1.207 0.177 -157.443 (5.0m) 0.071 0.058 -16.031 (1.2m)
EnKF 104 0.104 0.100 -157.068 (16m) 0.049 0.034 -16.024 (1.8m)
EnKF 105 0.020 0.055 -156.983 (1.3h) 0.047 0.023 -16.024 (10m)
Ours 0.077 0.024 -157.054 (0.3s) 0.009 0.027 -16.017 (0.3s)
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Posterior densities for two parameter samples and
accompanying observation chains for both examples.

KASPER BÅGMARK FILIP RYDIN

Neural likelihood surrogates for
parameter inference via
log-density PDE
Bayesian parameter estimation

We assume an underlying state space model

(State) dSt = µ(St, θ) dt+ σ(St, θ) dBt, t ∈ (0, T ]

S0 ∼ p0(· | θ)
(Observations) Ok = h(Stk , θ, ξk), k = 1, . . . ,K

St0 St1 St2 · · · StK−1 StK

O1 O2 · · · OK−1 OK

Task: Learn a surrogate for p(θ | O1:K)

Stage I

■ Find the probability density p(Stk | O1:k, θ) (filtering density)

Log-density PDE formulation

The filtering density p = (pk)
K
k=0, where pk ∈ C1,2([tk, tk+1]× Rd;R),

associated to (S, O) and conditional on θ, satisfies the Fokker–Planck
equation with discrete measurement updates. Hence the log formula-
tion, with vk = − log pk, satisfies for k = 0, . . . ,K and t ∈ (tk, tk+1]

(Prediction) vk(t | O1:k, θ) = vk(tk | O1:k, θ)

+

∫ t

tk

(
Aθ + F θ

log

)
vk(s | O1:k, θ) ds

(Update) vk+1(tk+1 | O1:k+1, θ) = vk(tk+1 | O1:k, θ)

− log
(
L(Ok+1, θ)

)
+ log p(Ok+1 | O1:k, θ).

where the likelihood L is tractable

L(o, x, θ) := p(Ok = o | Stk = x, θ).

■ Approximate the Prediction PDE by a deep BSDE method

Stage II

From Bayes’ formula, the log-posterior can be decomposed as

log p(θ | O1:K) = log p(θ) +

K∑
k=1

log p(Ok | O1:k−1, θ).

■ Learn a surrogate for each log p(Ok | O1:k−1, θ).

Note: This is the normalizing term in the log-density Update.

We train a network with supervised labels, produced by learned fil-
tering densities from Stage 1.

Algorithm 1 Training pipeline
1: Input: p0(· | θ), µ(θ), σ(θ), h(θ), prior p(θ)

2: Initialize v̄0 = − log p0

3: for k = 0, . . . ,K − 1 do
4: Stage I: conditional log-filter
5: Initialize u, (w̄n)

N−1
n=0

6: for ℓ = 0, . . . , L− 1 do
7: Sample θ(m) ∼ p(θ)

8: Sample (X k,(m)
n )0:N , O

(m)
1:k with θ(m)

9: Compute prediction Yk,(m)

10: Target v̄k(X k,(m), O
(m)
1:k , θ(m))

11: Update u, (w̄n) via MSE loss
12: end for
13: Set u∗k = u

14: Stage II: log-normalizer surrogate
15: for ℓ = 0, . . . , L− 1 do
16: Sample θ(m), O

(m)
1:k+1

17: Target C(O
(m)
1:k+1, θ

(m))

18: Update Φk+1 via MSE loss
19: end for
20: v̄k+1 = u∗k − logL+Φk+1

21: end for
22: Output: (v̄k,Φk)

K
k=1
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